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Parabolic Higgs Bundles

Let C = CP! and D = {p1,---,pPn} C C. Let E — C be a trivial rank r, vector bundle. A
parabolic structure on E is the data of filtrations F® of E, along with parabolic weights a7 :

Ep- _ F-(€i+1)
(€i+1)

i

5> -« > FY 5 0

)

« < - < o

where each a¥) € (-1 h.

i

These F® may be partial flags, and the number of ‘flag levels’ may depend on i € {1,..., n}.

I

Set r,-(k) = dim F,.(k) and m,(k) = r,-(k) - r,-(k_l). We assume ), mgk)a,(-k) =0.



Parabolic Higgs Bundles

To keep track of the flag types, we fix the star-shaped quiver Q and dimension vector .

rl(el) . f1(2) r1(1)
r2(zz) . r2(2) r2(1)
" \
) /@) NeY

Figure: A star-shaped quiver Q with dimension vector 7

Then the parabolic structure described above is of type (Q, ).



Parabolic Higgs Bundles

A parabolic endomorphism of £ = (E, F, &) must preserve each F*. A Higgs field is a
trace-free global section ¢ of Endpa,(£) ® Kc(D). We let M(q.7 ) be the space of all pairs
(55, <p) with deg(EﬁE) =0.

Let 1ic(Ok, ) = O ¢. Given (O, ) € ugs'(0), the residue p; := res,, ¢ projects to the Levi
(block diagonal) part Lev(y;) € [;. This gives a map
/L(El(O) — @ l;, (55, g@) — Lev(gg, (,D)

If Lev(Ok, ¢) is in the center of @ I;, we say (Og, ) is a central-Levi Higgs bundle.

Fix a 0 € Z (P, 1;) and define Mg 7 7)(c0) = Lev (o).



Parabolic Higgs Bundles

Example (Levi-Central Higgs Fields)

Suppose the ith branch of (Q,7)is r, =4 < 2+« 1, and F® is C* D (e1, &) D (e1).
Then at E,,, any Higgs field ¢ has the form

a1l * * *
. — res o 0 b11 * * c
Qi = resp, @ = 0 0 ¢ pi.
0 0 Cr1 (22



Parabolic Higgs Bundles

Example (Levi-Central Higgs Fields)
Suppose the ith branch of (Q,7)is r, =4 < 2+« 1, and F® is C* D (e1, &) D (e1).
Then at E,,, any Higgs field ¢ has the form

a1l * * *
C— res o 0 b11 * * < p:
vi P ¥ 0 0 a1 a "
0 0 Cr1 (22

The induced map on the associated graded vector space is given by the triple

Lev(e) = (o). (ou) (&2 22)) €



Parabolic Higgs Bundles

Example (Levi-Central Higgs Fields)

Suppose the ith branch of (Q,7)is r, =4 < 2+« 1, and F® is C* D (e1, &) D (e1).
Then at E,,, any Higgs field ¢ has the form

al * * *

— res o 0 b11 * * < p:

vi P ¥ 0 0 a1 a "
0 0 Cr1 (22

The induced map on the associated graded vector space is given by the triple

Lev(p); = ((au) , (bu1) (C“ C“)) €1

€1 C2
We ask for this to equal some fixed

o; = (agl),a?),af‘j’)) e Z(1)

I

We identify Z ([;) = Cl+t,



The parabolic weights « determine a notion of parabolic slope stability. Let
Gc = C°°(C,SL(E)) be the complex gauge group preserving F and define

M(Qﬁ]:)(d, a) = Levil(J)a_St/gc.

Theorem (Konno '93, Biquard-Boalch '04, Collier-Fredrickson-Wentworth '24 )
For generic o, the moduli space Mq . r)(0, @) is a hyperkahler manifold. The holomorphic

symplectic form Q. is given by

Qpi((Ar, 1), (Ag, b2)) = —1‘1/ tr (A1 Ady— Ay A ci>1) (1)

c
for deformations (A1, 1), (A2, ®2) of (O, ¢).
Given another choice of flags 7', we can conjugate everything by an appropriate

grr € sl(E) to produce an isomorphism M q 7 r)(0, @) < M(q,7 7 (0, a).
We therefore need not fix F to define the moduli space Mg 7 (0, @).

However, the formula (1) requires the deformations (A;, ®;) to hold the flags fixed. We call
these fixed-flag deformations.



Star-Shaped Nakajima Quiver Varieties

Recall the data (Q, ) with P9 s s 0

1 1

rl(zl) o r{z) rl(l)
r2(ez) o r2(2) r2(1)

", :
\ r’ggn) o rr(]z) t’,(,l)

A representation of (Q, F) is an element

n Z,‘
x € Rep-Q = @@ Hom ((Cr"(k),(Cri(k 1))

i=1 k=1

Z,‘ 1
where r( +1)

; = ry.



Star-Shaped Nakajima Quiver Varieties

Define X = T* Repy @, which has a natural hyperkahler sturcture (X, /,w, Q). Then an
element of X is a collection of linear maps

£y -1
y{ 1-1) y(z) y(l)

b) T /I\A r(2) /IN r(1)
1 1

a1 <@ <

A

() (¢9-1) ) (1)
a Y Ya Y
() —— ) )
r . ry ry
(¢n—1) ) (1)
Xn Xn X"

We denote the doubled quiver 6 so that X = Rep; 6 The action of the group

n £
Ge = SL(r.,C) x PP 6L, )

i=1 k=1

is Hamiltonian with respect to £ and admits a moment map pc @ X — g¢.



Star-Shaped Nakajima Quiver Varieties

y(h 1) y(Z) y(l)

A P S MO R mm— )

=D <@ <

X’(’/") (/ -1) y(z) y(l)
(Z)/—N L (2)/—N (1)
In x{en=1) x@ X

Since the Lie algebra Qc is a direct sum, the moment map decomposes
fie = P+ 2o IZk 1M, ) where

n

,LL(C,*(X7 y) = - Zl (Xi(ei)yi(ei))o € 5[([’, C)*
k k) (k k—1) (k—1 k %
N x,y) = O XTI e i, )
The compact real form G C Gg is similarly Hamiltonian with respect to w and admits moment
map pgr : X — g*. The moment map decomposes as pr = fir  + > 1 Zk lu( ) where

MR* X, y) y‘ ( X (5) (yi(Zi))Tyi(Zi)).. € su(r)*



Star-Shaped Nakajima Quiver Varieties

The moment maps pc : X — g¢ and ur : X — g* are equivariant. Thus, for
7€ Z(g:) =@, ,Cand B Z(g*) =@, , iR, the level sets pz'(7) and ug'(B) are
respectively preserved by G¢ and G. Restricting to these level sets imposes

n

ety = =30 (49) =0

i=1

k k) (k k— k— k
9 (x,y) = yOx) — b k1) 00

1

1

i n L 0 ¢ 2
iz (x,3) = 5 3 (KO + () =0
i=1

)

1 _ _ _ _
T R (D L 7 L G L (7 U B

The Nakajima quiver variety X(q 7 (7, 8) is X //// G = (uc'(7) N puz'(B)) /G.
7.8



Star-Shaped Nakajima Quiver Varieties

Lemma
Let (x,y) € pug'(7), and let X,-(k) = x,.(z") . ~x,.(k). Then

1

Y X — k1) () DR NCEN)

Proof.
We use the relation ;L((C?- = (k)x-(k)
the x's.

Y ()

i i i i i

iteratively to commute the y past



Star-Shaped Nakajima Quiver Varieties

By the Kempf-Ness theorem, we have
XU G = ne () G
for the following notion of 3-stability.

Let § = (B*, (ﬂfk))f,k) where

£;

_1¢ (%) oK)
5*—_Zzzr; ﬂ,‘ .

i=1 k=1

For a representation S of (5 with dimension vector §, define

nol
B(S) = s+ D 5B
i=1 k=1
Theorem (King, '94 )
A representation R of Q is B-stable (resp. semistable) if and only if both of the following hold:
> 3(R) =0;
» for all nonzero proper subrepresentations S C R, we have E(S) < E(R) (resp.

3(S) < B(R)).



Star-Shaped Nakajima Quiver Varieties

Example (King Stability)
Consider the data (Q, 7) given by

b1

1 B
7
/ /
Y2 | x2 |
‘\\J/ n \\J
X3 TNy ” A
1 P 4 2< . 1 ﬁ3 - . ﬁ*
X4 :,V4 !
M \
1 Ba

Given weights 31 > - -+ > 4 > 0, we extend to E by setting B, = f%(ﬂl +
(x,¥) € Repr @ has y = 0 and im x; = im x».

-+« + f4). Suppose



Star-Shaped Nakajima Quiver Varieties

Example (King Stability)
Consider the data (Q, 7) given by

1 1 B2

7 7

1 1 !

0l |x 2l x |

\ 0 \ » 5

T T y -
02121 C 1 —=2i—0—1  f5- Bs B

Seo_o-7 \ S~ -7 \ Sa__--" \
0 Y y3 \ \
0 ;0 X4 ;,V4 i
\ \ N
0 1 Ba

Given weights 51 > - -+ > 4 > 0, we extend to E by setting 5, = f%(ﬂl + -+ B4). Suppose
(x,y) € Rep;Q hasy =0 and imx; = imx,. Then (x,y) admits a subrepresentation S.



Star-Shaped Nakajima Quiver Varieties

Example (King Stability)
Consider the data (Q, 7) given by

1 1 B2
7 ?

O'I X2 yzll X2 '
02121 C 1208 21 8 > Ba 1
0 ;0 X4 ;,V4 )

N N N
0 1 Ba

Given weights 51 > - -+ > 4 > 0, we extend to B by setting 5, = f%(ﬂl + -+ B4). Suppose
(x,y) € Rep;Q hasy =0 and imx; = imx,. Then (x,y) admits a subrepresentation S.

B(S) = 51+f32—*25,— (B1+ B2 —fP3—Pa) >0

Thus, (x,y) is not stable.



Star-Shaped Nakajima Quiver Varieties

Example (King Stability)
Consider the data (Q, 7):

-1 (k) -
y(“ y( _)»n _"}\/ y(k 1) )
- ~ - ~ PO .
... pk+1) (k) ...
X0 K= X0 Xk=1) )

Y

Let M, ..., 3 > 0. Suppose (x,y) € Rep,Q has some x(¥) which is not injective.



Star-Shaped Nakajima Quiver Varieties

Example (King Stability)
Consider the data (Q, 7):

0 0 0___ Yo L
TN T ~A ( Sy e ~A
D) o
0 0 0 0 S xk=1) ® 5
N

(0 y(‘-’*l_)»\ /"{(\“ y(_k_—l) y(_l)

TS - - A LTI LTI

r 2L k1) (k) t A1)

NO) K- () Kk=1) ey

Let M), ..., 8 > 0. Suppose (x,y) € Rep; @ has some x(¥) which is not injective. Then
(x,y) admits a subrepresentation S.



Star-Shaped Nakajima Quiver Varieties

Example (King Stability)
Consider the data (Q, 7):

0 0 o__ r A
TS RN T4 b e A
0 —— ‘0 S - sw
0 0 k=1 It
N
y(“ y(ffl) . "y(k) y(k—l) y(1)
ST T T T SoTTTTN LeTTT Ty

o 2L k1) (k) t A1)
* NO) K- () Kk=1) ey

Let M), ..., 8 > 0. Suppose (x,y) € Rep; @ has some x(¥) which is not injective. Then
(x,y) admits a subrepresentation S. Then

(K)
B(S) = sWp0) > 0.

=1

Thus, (x,y) is not stable.



The Map from Quiver Representations to Higgs Bundles

This leads to the the construction of a Higgs bundle from a stable (x,y) € p¢ 1(7) introduced
by Rayan and Schoposnik. We take the trivial vector bundle (E,d) = O®" over C = CP' and
define the parabolic structures

E, = F“Y 5 ... 5 F® 5 ¢

N NP

where F,.(k) =im (x’.(e") . ~x,.(k)). The parabolic weights are uniquely determined by the equations

4
a’(_k) _ a§k+1) _ ﬂ’(k)’ Z m| k)a(k
k=1

(k) _ (k1)

where m; (k).

i -



The Map from Quiver Representations to Higgs Bundles
Similarly, determine the complex numbers afk) by the equations
£;
Jfk) — 0§k+1) = T,-(k), m,(-k)afk) =0.
k=1

Let o = f"f‘if’_ where ; = (xi(g")yi(g"))

Lemma
The above construction satisfies the following statements:
1. The Higgs field ¢ is holomorphic at infinity.
2. The Higgs field is adapted to (F, ), i.e. ¢ € Endpar(€) and Lev(Ok, )i = 0.

0.

The proof follows from the moment map equations
n
f,‘ ei
U(C,*()QY) = Z (X,' Y,'( ))0 =0
i=1

k k) (k k— k— k
)0, 9) = ) — D

i i



Example (Higgs Field Construction)
Suppose the ith branch of (Q,7) is r, =4 <- 2 < 1. Let (x,y) € X{(q,5(7, ). Say

Then ,ugck}(x, y) = T,-(k) for k = 1,2 requires

1 2
y,'(l) = (Ti(l) a) 7 yi(z) _ (T’,( ) 4 7-’,( ) 52) * *)
0 T * %

O O O
O O = O



Example (Higgs Field Construction)
Suppose the ith branch of (Q,7) is r, =4 <- 2 < 1. Let (x,y) € X{(q,5(7, ). Say

Then ,u((clia.(x, y) = T,-(k) for k = 1,2 requires
1 2
y,'(l) = (Ti(l) a) 7 yi(z) _ (T’,( ) 4 7-’,( ) 52) * *)
0 T; * %

The parabolic flag is Ep, D (e1, &) D (e1), and the Higgs field residue is

O O O
O O = O

i

- % (7 +27)1d.

o
O O % ¥
O O % %



Example (Higgs Field Construction)

T+ T a ko ok
— (x® (2)> — 0 2w« 1 ( (1) (2))
NI y —— |7 +2r7)d
7 ( g 0 0 0O 4

0 0 0O

37',-(1) + 27',-(2) * % %

_1 0 fT,-(l) + 27,-(2) x ok

‘ 0 0 —T-(l) — 27'.(2) 0
0 0 ’ 0 l A
The Levi part is
= 1
Lev(g, )i = 7 (37,-(1) n 27,.(2), —T,.(l) n 27’;2)) —T,.(l) _ 27’;2)) _ (01(1),0’(2)70’(3)).

Check 0¥ — gt — (K 3nq P ml(k)al(k) _ Ul(l) + GIQ) I 20’(3) —0

i i ;



The Map from Quiver Representations to Higgs Bundles

Theorem (Y '26)

Assume (7, 8) and (o, a) are related as above, and assume further that 3, , ri(k)ﬁ,-(k) <1l If
(x,y) € uc'(7) is B-stable, then the Higgs bundle (E,Dg, F, ) constructed above is a-stable.

We prove this by comparing degree 0 subbundles of (E,dg, F, ) with subrepresentations of
(x,y). The hypothesis Z,-,k ri(k)ﬁfk) < 1 is necessary to rule out destabilizing subbundles of
(E,d, F, ) with negative degree.

If (x,y) and (x’,y’) are Gc-equivalent, the resulting Higgs bundles are Gc-equivalent. Thus, we
get a map of moduli spaces

T X(Q’F)(T, ﬂ) — M(Q’F)(U,Ox).



The Map from Quiver Representations to Higgs Bundles

Theorem (Y '26)

The map T is a homeomorphism onto the locus Mo C Mq (o, a) of Higgs bundles with
trivial holomorphic structure.

This My is a Zariski open subset of Mq 7 (0, a).

The dimension of X{(q.7 (7, 3) is [Nak94]
dimR X(Qj')(T, [‘3) =41|1-— I’f + Z m,(-kH)ri(k)
i,k

The above theorem provides another proof that dimg Mg 7 (0, ) is given by the same
formula.



dimg X(Qﬁ;')(T,ﬂ) =411-— I’f + Z m§k+1)r,-(k)
ik
Example

The following quivers and dimension vectors (Q, 7) produce 4-dimensional Nakajima quiver
varieties.

—
= — N
—

— N — =

1—2—3«—2+—1

3
! |
1 —2—=3—=4+—3<<-2+1 1—-2—=3—24—=5—=26+4¢2

These respectively produce Dy, Eg, E7, Eg type ALE gravitational instantons. The corresponding
parabolic Higgs bundle moduli spaces are conjecturally ALG instantons.



Holomorphic Symplectic Structures

The holomorphic symplectic forms on X{q 7(7, ) and M q (o, a) are

QX((xlayl X27Y2 Zztr (Xll-y2l 7X2(kl)y£kl)) :

i=1 k=1
QM((AL d)l), (AQ, ¢2)) = —]1/ tr (Al A d)z — A2 A ¢1)
c
Theorem (Y '26)
The map T : X(q,p(T,B) = Mq,n(0,a) satisfies
T*QM = 27TQgg.

Corollary

Pulling back the Hitchin fibration M — B through T gives X(q 7 (T, 3) an integrable system
structure.



Related Work in the D, Case

The strongly parabolic case with the D, quiver has been thoroughly studied:

Theorem (Godinho-Mandini '11)
The map T : X(0,8) — M(0, a) is well-defined.

Theorem (Biswas-Florentino-Godinho-Mandini '15)
The map T : X(0,8) — M(0, «) preserves the holomorphic symplectic forms.

Theorem (Fredrickson-Y, Heller-Heller-Meneses)

For 8 in an appropriate chamber, there is a family of hyperkahler metrics on M(0, &) which
converges to the hyperkihler metric on X (0, 3).

Theorem (Kronheimer '89)

As (1, B) varies, the Nakajima quiver varieties X (t, 3) exhaust all ALE-D, instantons.

Theorem (Fredrickson-Mazzeo-Swoboda-Weiss)

Under the assumption that the M(o, «) really are ALG-D, instantons for generic (o, «), as
(o, @) varies the spaces M(o, «) nearly exhausts the entire family of ALG-Dy instantons.



Proof Strategy
Theorem (Y '26)
The map T : X(q,p(T,B) = M(q,n(0,a) satisfies

T*QM = 27‘(‘9)(.

The proof is carried out by pushing forward deformations of (x,y). Given a family

(x(), () € pg"(r) N (8),
(x(£), ¥(£)) = @, F(2), (1)) L2 G0y, F(0), (1))

Now the first variation (A, ®) is a fixed-flag deformation.

We use this construction to take a pair (X1, ¥1), (X2, y2) to a pair (Al,d>1), (Az,cbz) of
fixed-flag deformations, and show that

QM((ALd)l) (A2,¢2 r(Al/\d>2—A2/\q> )

n ¢
goal (k) v, (k)
2m tr(XllyZI_XZIyll)'
i=1 k=1



First Variation of Parabolic Flags

We now describe the necessary gauge change to find the fixed-flag deformations (A, <D)
associated to (X,y)—we only need to determine these up to first order in t.

Definition
We say v € C*°(C,End(E)) induces the first variation of the family F(t) if for any family of
Higgs fields ¢(t) adapted to (F(t),0),

d

G| et (et = ¢ :
arlee p(t)e™ = ¢+ [p, 7]

is strongly parabolic w.r.t. F(0).

Then a fixed-flag deformation representing T (x(t),y(t)) is

(A.8) = °| e @e plt))et” = (~Tein g+ Lo,



First Variation of Parabolic Flags
Let (x(t),y(t) = (x,y) + t(%,y) + O(£) € uc*(7) N " ().

The composition X,.(k) = x,.(e") e x’.(k) is injective; let Xi(fk) be a left inverse.

Lemma
The variation of the flags is induced by any v € C°°(C,End(E)) satisfying

L L;
Z B X (k+1) k)X k)
k=1

k=1

at each puncture p; € D.




First Variation of Parabolic Flags

This B,-(k) satisfies the key property
B,.(k)X,.U) _ x (k1) (K)  (k=1)..()

i i i

for j < k.




Proof of Main Theorem (Strongly Parabolic Case)

In the strongly parabolic case where o, 7 = 0, the holomorphic symplectic forms Qy and Qa4
are the exterior deritives of tautological 1-forms Ly and Laq. These are given by

LX|(x,y)()'( y) ZZtr X; , ),

i=1 k=1
LM\@W)(A,@ = —ﬁ/ctr(A/\<p).

It suffices to prove T*Ly = 2rLy. Let (A, ®) = (=i, + [, 7]) be the fixed-flag
representative of d7(x,y) from earlier. By Stokes' theorem,

Lalg w)(/\,cb):—ﬁ/tr(/\/\cp):ﬁ/tr(@y/\go —271'Ztr(1/ pi)pi)-
£ C

i=1



Proof of Main Theorem (Strongly Parabolic Case)

Loy ,(éw)(/\, $) = ﬁ/ctr(ép Np) =27 tr(v(pi)pi).

i=1
We have

L

te(w(pr)ei) = > (B )

k=1

£
= Z tr(Xi(k+1))-<’§k)Xi(—k)Xi(e,-)yi(g,))
k=1

Li
= 3 (X1 (00 x (kD
k=1

£i
=S (3 x PO x Py W)
k=1

L
S )
k=1



Proof of Main Theorem (Strongly Parabolic Case)

K L)




Comments on the Weakly Parabolic Case

We've shown that

n ¢
i=1 k=1

which completes the prove.

The weakly parabolic case is much more complicated, but it boils down to the same idea of
using the moment map relations to extract the desired terms from the B,-(k).



Thank you!
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